Introduction
This paper considers force closure, form closure, and the relationship between the two. In the first part of this paper, we consider these issues in the case of frictionless contacts. Force closure is a well established theory, and researchers have converged on a consistent set of definitions and mathematics for its use in the analysis of grasping and fixturing. On the other hand, the concept of form closure is less well defined in the robotics literature, as different authors have used this term to describe similar, but slightly different, concepts. One of the goals of this paper is to introduce precise notions of form closure and relate them to force closure. We give precise definitions of lst and 2nd order form closure. Further, we show that lSt order form closure implies force closure (which we term lSt order force closure), and vice versa. We also introduce a novel Znd order force closure definition, and show that our 2nd-~rder form closure definition is dual to Znd-order force closure.
Our analysis and discussion is based on a recent mobility theory which has been developed by the authors [lo, 11, 12, 131 . This theory determines the mobility of a smooth object, I?, held in frictionless contact by smooth rigid and stationary finger bodies or fixtures AI, . . . , AA. Our mobility analysis (which is reviewed in Section 3 ) is formulated in configuration space (cspace).
Relation t o Previous Work
The history of force/form closure analysis d.ates back to the work of Reuleaux (1876) [9] and Somoff (1900) Although the main goal of this paper is to consider the more fundamental issue of the definitions of force/form closure, it is worth noting that the concepts of force and form closure have been used to analyze grasping [7, 161, fixturing [6] , and whole arm manipulation [17] . One fundamental application of the force/form closure concept is the issue of the number of frictionless contacts that are required to immobilize an object. Reuleaux [9] found that at least 4 frictionless point contacts are required to immobilize 2-dimensional (2D) objects. Somoff [15] found that at least 7 frictionless contact points are required to immobilize 3-dimensional (3D) objects. Much later, Markenscoff et. a1 (1990) [4] established that 4 contact points sufice to immobilize generic 2D objects, and 7 suffice to immobilize generic 3D objects. Czyzowicz et. a1 (1991) [l] 
Rigid Body Mobility Analysis
The essential components of our mobility theory are now reviewed, as these concepts are the basis for our discussions. We study the mobility of an object B held in point contact by k stationary and frictionless finger bodies AI, . . . , A k . The analysis is formulated in B's configuration space. The object B is described in its own nominal space R = R" (n = 2 or 3 ) , in terms of a body fixed reference frame in R, Fa.
Points in R are denoted T . Points in the physical space, E , are denoted 2 . Every rigid placement of B in & is described by the following rigid body transformation:
The with 3 convex fingers (some fingers might have to be flat). They were also able to overcome the limitation of the analysis in [l] to polygons without pardle1 edges. firther, they have shown that if the finger curvature can be chosen, then it is possible to immobilize planar smooth and polygonal objects with 2
3.1
The free motions of are those local motions of B along which it either breaks away from or roll-slides'
1~~ a 'iroll.slide" motion we mean a general displacement l S t and 2nd order free motions between two bodies which maintains surface contact.
on the surface of the finger bodies. In c-space, the free motions of B at qo are the c-space paths that emanate from qo and locally lie in the freespace, which is the complement of the c-obstacle interiors. The first-order properties of the free motion paths and the c-obstacle boundaries (i.e. tangents and tangent hyperplanes) determine what we call the lSt order mobility of B. This notion can be equated to other well known first-order theories, such as Screw Theory [8] . We cast these notions in a c-space framework, as this interpretation is the basis for the consideration of higher order aspects of mobility. In the following, fi,(qO) denotes the outward pointing unit normal to
Si at qo (Fig. 2(b) ). 
3.2
Mobility indices are coordinate invariant integervalued functions that measure the mobility, or effective number of degrees of freedom, of B when it is held in an equilibrium-grasp configuration qo. At an equilibrium grasp the net wrench on B must be zero. In c-space, the wrench due to a normal contact force applied by A, on B is represented as a positive multiple of the outward pointing finger c-obstacle normals fi,(qo) [12] . The equilibrium condition in c-space is thus characterized by the requirement that the ori- [12] to be coordinate invariant. A key fact is that mio is identical for all k-fingered grasps. Thus, any first order theory, such as screw theory, will be unable to distinguish between alternative equilibrium grasps which have the same number of fingers. This lack of discriminating power is remedied with our Znd order index.
Consider the A2's in the equilibrium condition (2). While the individual c-obstacle curvature forms are in general not coordinate invariant, it is shown in Ref.
[lo] that their weighted sum, called the relative cspace curvature, has a coordinate invariant structure which characterizes the 2nd order mobility of B. [lo]: if m50 = 0, any local motion of B is either l S t order penetration, or it is lSt order roll-slide which is necessarily a 2nd order penetration motion. Thus mto = 0 implies that B is completely immobilized, and a test of mio is sufficient to determine immobility.
Form and Force Closure
The dual concepts of force closure and form closure have often been discussed in the literature on multifingered grasping, fixture planning, and the kinematics of bodies in contact. Unfortunately, the distinction between these terms has a t times been unclear.
We revisit these issues here to point out how our work fits in the historical development of grasping and fixturing analysis and how it can be used as the basis for developing a more unified terminology.
lSt and 2nd Order Form Closure
One of the significant differences between form and force closure lies in the way in which the contact between a fixture and an object is modeled. For grasps whose fingers are essential, l S t order form closure is equivalent to mio = 0, and 2nd order form closure is equivalent to mio = 0 .
Hence, the mobility indices give precise and computable tests for
l S t and 2nd Order Force Closure
In the dual modeling approach of force closure, the effect of the contacting finger or fixture on B is modeled as a contact force. In a general frictional contact, A, can apply a set of contact forces on B at a given contact point. This set reduces to a force along the surface normal for frictionless contact. Let W, be the collection of wrenches (i.e. force and torque) generated by applying all possible contact forces at the ith contact point, a n d let W = W, + . . . + W, be the collection of all wrenches which can possibly be ger?erated by the IC fingers. If W contains a neighborhood about the zero wrench, the grasp is said to be force closure-though the term wrench closure is more appropriate. In practice it means that any external wrench can be resisted by a proper combination of the finger forces.
We now show that frictionless l S t order form closure is equivalent to frictionless force closure.
and Znd order form closure. We know that U is a subspace since B is in an equilibrium grasp [12] . Let V be the subspace consisting of the orthogonal complement of U . We also use in the definition the wrench derzvatzves which are generated by a stationary finger A,, while B moves along a general roll-slide motion on the surface of'd,. Since every finger wrench has the form w, = a,fi2(yo), its time-derivative along a c-space trajectory q(t) of B is w, = ir,fi,(yo) + a,Dfi,(qo)q. Intuitively. one component of W, is generated by varying the magnitude of the contact force, while the other is generated by changing the location of the contact point. 
Proof:
We show that 2nd order form-closure im- Since the Ai's are non-negative, every q E V satisfies q*Dfii(qO)q < o for some 1 5 i < IC. Consider now the collection of vectors Dfi,i(qo)Q, for all q E V and for i = l , . . . , k . We have just shown that these vectors span the subspace V . Otherwise there would exist a vector q E V such that cjTDfi;(q0)4 = 0 for i = l , . . . , k . Each w i can be realized as wi = aiDfi;(yo)q by instantaneously varying the contact point location while the magnitude C T~ is held fixed. Hence the collection of all wrenchderivatives, ~, for i = 1, ..., IC, spans the subspace V .
The arguments given are all reversible and hence the lemma is proved. 
Frictional Force and Form Closure
In this section we briefly consider how to incorporate friction into our mobility theory. We assume the stan- 
where DX,, ( q ) = $ X T , ( q ) , and X , is the rigid body In the frictionless case, the set of lSt order free motions was defined using the virtual work principle. That is, l S t order free motions must satisfy where F, is a force that can be generated by d,.. We can apply this concept here to derive the following. The unimpeded motions are those lSt order motions which are l S t order free, and which can not be affected by frictional forces. For a single contact, the set of unimpeded motions is the cone in Tq,IRm that is polar to the negated n-rench cone, -Wi. 
